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^vj ] Abstract. In the dyadic case the union of the Reverse Holder classes, (Jp>i RH p is strictly larger than 

the union of the Muckenhoupt classes Up>i = ^oo- We introduce the RHf condition as a limiting 
case of the RH^ inequalities as p tends to 1 and show the sharp bound on RHf constant of the weight 
w in terms of its Af^ constant. 

We also take a look at the summation conditions of the Buckley type for the dyadic Reverse Holder and 
Muckenhoupt weights and deduce them from an intrinsic lemma which gives a summation representation 
of the bumped average of a weight. Our lemmata also allow us to obtain summation conditions for 
continuous Reverse Holder and Muckenhoupt classes of weights and both continuous and dyadic weak 
Reverse Holder classes. In particular, it shows that a weight belongs to the class RHi if and only if it 
satisfies Buckley's inequality. We also show that the constant in each summation inequality of Buckley's 
type is comparable to the corresponding Muckenhoupt or Reverse Holder constant. 
^ c"| To prove our main results we use the Bellman function technique. 
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I. Definitions and Main Results. 



Recently different approaches to dyadic and continuous A^ class gave an essential improvement of 
j> . the famous A 2 conjecture. The improvement, called A p — A^ bound for Calderon-Zygmund operators, 
O was obtained by means of the observation that if a weight w belongs to the Muckenhoupt class A p , 
then it belong to a bigger class A^, and a certain sequence satisfies the Carleson property. We refer 
the reader to papers |HPTV] . |HyPer| for the precise proof of A 2 — A^ bound (in |HPTV] it is not 
, — i formulated, but can be seen from the proof), and to |HyLa| for a full proof of the A p — A^ bound. 

Carleson sequences, related to A p weights, appeared in many papers, where boundedness of singular 
operators was studied. Many of them were proved using Bellman function method. Using this method, 
^ ■ the Carleson embedding theorem was proved in |NTVlj . Results related to Carleson measures (partially 
• i— j . proved with certain Bellman functions) also appeared in |NTV2j . |Witj . |PPj . Also, the "easy" case of 
the two weight inequality, |VaVo2j . is a certain summation condition, and was also obtained by means 
03 ' of Bellman function. Most of our proofs will use very natural (but not totally sharp) Bellman functions. 
Let us explain our results in more details. In this paper we present equivalent definitions of Muck- 
enhoupt classes A p , Reverse Holder classes RH P , and prove sharp inequalities, that show that these 
definitions are indeed equivalent. One type of these definitions is given in terms of Carleson sequences. 
Also, we define limiting cases A^ and RHi, which in the continuous case appear to be same sets (see 
[BRJ), but in the dyadic case the class RHi is strictly bigger. We give equivalent definitions of these 
classes in terms of certain Carleson sequences; besides this, we give a sharp estimate on so called A^ 
and RHi constants, which appears to be much harder than the continuous case (and, actually, somehow 
uses the continuous result). 

The paper is organized as follows. We start by following paper |BRj . with all the main definitions 
of dyadic Reverse Holder and Muckenhoupt classes and state several equivalent ways define class RHf . 
Also in Section [I] we state our first main result of the paper, Theorem 11.51 in which we establish the 
comparability of dyadic Af^ and RHf constants. 
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In Section [TT] we study summation conditions, introduced first in [FeKPij and [Bu cl]. Our second 
and third main results of this paper are, in fact, Lemma III. 21 and Lemma IIL4| two intrinsic lemmas 
from which we deduce Theorem III. 61 about comparability of sums in Buckley's summation condition 
and certain bumped averages of the weight w. Please note that even though Theorem III. 61 turns out an 
extremely strong fact and is very handy for Holder and Muckenhoupt classes, our lemmata, especially 
Lemma III. 21 are much more general and could be applied to potentially large class of bumped averages 
of any nonnegative function w and every interval JcK. We show how Theorem III. 61 follows from our 
lemmata and how Buckley's theorem follows from Theorem II 1. 6 1 It turns out that Theorem III. 61 is also 
sufficiently stronger than Buckley's theorem because it is not summation conditions for Reverse Holder 
or Muckenhoupt classes, but comparability of averages and summations for any weight and any interval. 
This is illustrated in Theorem IIL7| where the comparability of constants in summation conditions and 
corresponding Holder and Muckenhoupt constants of the weight is established in both continuous and 
dyadic cases. 

In Section II III we talk about weak Reverse Holder and Muckenhoupt classes. We start by giving 
definitions of these classes and state another consequence of Theorem lII.6l Theorem lIIL3| which contains 
a version of Buckley's theorem but for the weak Reverse Holder weights. The proof of Theorem IIII.3l is 
essentially the same as the proof of theorem 111.6} so we skip most of the details. 

All Bellman function proofs can be found in Section IIVI We start with proof of Lemma III. 2^ which 
we think is the simplest of three Bellman function proofs given in this paper and is a nice introduction 
to the Bellman function technique. Bellman function technique is not new, but as far as we know it 
is the first place where Bellman function technique is applied in such "intrinsic" setup. By "intrinsic" 
here we mean that lemma has function A(x) as one of the parameters, convexity properties of function 
A are then used to build Bellman function for the inequality. Proof of Lemma III. 21 is followed by the 
proof of Lemma III .41 which we hope will be easy to digest after proof of Lemma III. 21 Proof of Theorem 
11.51 is the hardest one and takes last eighteen pages of the paper. The proof itself is in fact very similar 
to the proof of continuous version of Theorem II.5| which can be found in [BR]. This dyadic proof is 
longer than he continuous one because in the dyadic case we have to deal with many details that are 
specific for the dyadic Bellman function proof in the non-convex domain. We encourage the reader to 
understand the proof of Theorem 1.1 from |BR] first and then read our proof of Theorem 11.51 

All results of this paper are in one-dimensional case only. 
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LI. First Definitions. Let V be the dyadic grid P:={/cl:/ = [fc2 -i , (k + l)2 -i ); k,j G Z}. 

We say that w is a weight if it is a locally integrable function on the real line, positive almost 
everywhere (with respect to the Lebesgue measure). Let (w) be the average of a weight w over a given 
interval Jcl: 




w dx 



and Ajw be defined by 



Ajw := (w) 



j+ 



(w) 



where J + and J are left and right dyadic children of the interval J. 
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Definition 1. A weight w belongs to the dyadic Muckenhoupt class A d whenever its dyadic Muckenhoupt 
constant [w] A d is finite: 

(1.1) [w] A d := sup (w) (w v-i \ < oo. 

p Jev J \ I j 

Remark LI. The inequality U. 1\) can be rewritten in the following way: 

We will use this way to write definitions of Reverse Holder and Muckenhoupt classes later in the proof 
of Theorem II. ?, 

Note that by Holders inequality, [w] A d ^ 1 holds for all 1 < p < oo, as well as the following inclusion: 

if Kp^q<oo then A d p C A d q , [w] A d < [w\ A d. 

So, for 1 < p < oo Muckenhoupt classes A d form an increasing chain. There are two natural limits 
of it - as p approaches 1 and as p goes to oo. We will be interested in the limiting case as p — > oo, 
^oo = U P >i There are several equivalent definitions of it, we will state one that we are going to 
use (the natural limit of A d conditions, that also defines the Af^ constant of the weight w), for other 
equivalent definitions see |GaRuj . |Grj or |St93j . 

(1.2) w G At « [w] Aia := sup (w) e ~ {logw) J < oo, 

Jex> J 

where log stands for the regular natural logarithm. 

Remark 1.2. The inequality lil.ty) can be rewritten in the following way: 

^ log (w) j - (logw) j log Haj,- 

Note also that if a weight w belongs to the Muckenhoupt class Af for some p > 1, or, equivalently, 
to the class Af^, then w has to be a dyadicaly doubling weight, i.e. its dyadic doubling constant 

(w) 

T) d {w) := supi^D i F \ , where F(I) stands for the dyadic parent of the interval 7, has to be finite. 
Definition 2. A weight w belongs to the dyadic Reverse Holder class RH d (1 < p < oo) if 

(1.3) [wIrh* ■= SU P i / < °°- 

v Jev {w) J 

Remark 1.3. The inequality ( 17.31) can be rewritten in the following way: 

o^k^-m^ (h^-i) H P j- 

Note that by Holders inequality the dyadic Reverse Holder classes satisfy: 

if 1 < p ^ q < oo, then RH d C RH d and 1 ^ [w]rh$ ^ I w ]rh$> 

which is similar to the inclusion chain of the A d classes, except inclusion runs in the opposite direction. 
And similarly we can consider two limiting cases RH^ (the smallest) and RHf (the largest). Same 
as in the case of Muckenhoupt classes we are more interested in the largest one, let us call it RHf : = 

U P >i RH p- 

The natural limit as p — » 1 + of the Reverse Holder inequalities is the following condition, which we 
will take as a definition of the class RHf: 



w w 

(1.4) we RHf [w]rh? ■= sup(-— log-— ) < oo, 

jev\(w) j (w) j / j 
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where log is a regular logarithm base e, which could be negative. Nevertheless, by the Jensen inequality 
RHi constant defined this way is always nonnegative. 

The RHf constant of the weight w is the natural limit of RHp constants in the sense that for every 
interval JeD 

(1.5) (-—log-—) = lim -log — — J - 

\{w) i ( w ) I / i p->i+P-1 {w) I 

We want to make one remark about this definition. 



Remark 1.4. The inequality 1. 4 can be rewritten in the following way: 

(w log(w)) 3 < (w) J log (w) j + Q (w) j VJ e V. 

Note that since function xlogx is concave, by Jensen's inequality we also have 

(w) j \og(w) j < (u;log(w)) j . 

In the continuous case, for Aoo and RHi in 1974 Coifman and Fefferman showed that Aoo = 
U p>1 RH p = RH\, in the dyadic case it is not true. One can only claim the inclusion Af^ C RHf. 
As for the other inclusion, it only holds for the dyadicaly doubling weights since, unlike the weights, 
dyadic Reverse Holder weights do not have to be doubling. An example of such weight can be found in 
Buckley picl) . 

Different ways to define RH\ constant of the weight w. First, observe that, trivially, logarithm 
in the definition of the RHi constant can be replaced by log + (x), (log + (x) = max(log x, 0)) or log(e + x), 
which will, however, increase the RHi constant slightly. 

Secondly, from the Stein lemma (see [St69j), we know that 



(M(f X i)) I < (f log^e+Jy^jj 



< 2 r 



mfxi)) I 



(1.6) [ w ]rh(' := SU P — 7T\ I M(wxi)dx, 



Thus an equivalent way to define RHi constant is 

1 

which, indeed, is one of the ways to define class A^, see for example |Wil] or |HyPer] . 

One can also define dyadic Reverse Holder and Muckenhoupt constants using Luxemburg norms. 
Same is true for RH f-constant. Let us first define Luxemburg norm of a function in the following way: 
for an Orlitz function $ : [0, oo] i— > [0, oo], we define 7 to be: 

\M\ HL) j ■■= mf{A>0: ±-J$(^±) < 1 
Iwaniec and Verde in |IV] showed that for every w and /cR" 



\ w \\lio R l,i < I wl °g I e + ^~ I dx ^ 2 ll W Llo K L,/' 
so another equivalent definition of the RHi constant of the weight w is 

/tm r i IHLlogL,/ 

(1.7) [w\RHf" ■= SU P 



lev \\w\ 



LJ 
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1.2. First Main result of the paper. In this section we carefully state the first result of the paper, 
and then explain other questions we study. 

In fact, we prove the following sharp relationship between RHf and Af^ constants: 

Theorem 1.5 (Main Result 1 : comparability of RH\ and constants). If weight w belongs 
to the Muckenhoupt class Af^, then w G RHf. Moreover, 

(1.8) [w]rh* < c Ma&j 

where the constant C can be taken to be log(16) (C = ^(16)^). Moreover, the constant C = log(16) 
is the best possible. 

Bellman function proof of this theorem can be found in Section IIV.5I An independent proof of the 
analogue of this theorem for the constant [w] RH <n was recently independently obtained in |HyPer] . 

Note that all of the above is true in the continuous case and can be found in |BR] (with sharp constant 
C = e, and with the double exponential lower bound). Note also that the lower bound (Theorem 1.2 in 
[BR]) in dyadic case cannot possibly hold since the class RHf is strictly larger than Af^. 

II. Summation conditions on weights 

In this section we will introduce and discuss an important set of inequalities that characterize the 
dyadic Reverse Holder and Muckenhoupt classes. We are mostly interested in the dyadic results here, 
so we will follow Buckley [Buc2j . Note that the inequalities we are going to discuss in this section 
have continuous analogues, and many facts and questions here apply to the continuous case as well (see 
jFeKPip . 

As we discussed earlier, RHf ^ Af^ because all dyadic Muckenhoupt conditions imply that the 
weight is dyadically doubling , while dyadic Reverse Holder conditions allow nondoubling weights (in the 
continuous case both Reverse Holder and Muckenhoupt conditions imply continuous doubling property). 
For the dyadically doubling weights the RHf and Af^ conditions are equivalent. 

We will now state a theorem that characterizes dyadic Reverse Holder and Muckenhoupt classes 
via summation conditions. We attribute this theorem to Buckley, however all parts but the Buckley's 
inequality (part (2)) in the continuous case and part (4) in the dyadic case first appeared in |FeKPi] 
and are due to Fefferman, Kenig and Pipher. 

Theorem II.l. [Buckley '93] 

Suppose 1 < p < oo and w is a doubling weight. Then 
(1) w G RHp if and only if on every dyadic interval J 



(II.l) 




moreover, K < C[w] p RHd . 

(2) (Buckley's inequality) w G RHf if and only if for some K > on every dyadic interval J 



(n.2) |f M, us *<«>,. 

1 1 iev(j) V v 1 1 J 
(3) w G A d p if and only if on every dyadic interval J 

1 1 lev {j) \ x ' i / 
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(4) (Fefferman - Kenig - Pipher inequality) w G if and only if on every dyadic interval J 




( IL4 ) — 2^ I Tzr I |/|<cio g H^- 

The Buckley's inequality (part (2)) is the one we are mostly interested in since as we will see later 
it characterizes class RHf; it is also the only one stated without the sharp constant. In |Wit] Wittwer 
showed that in the case w G A\ Buckley's inequality holds with K = C[w] A d and this linear dependence 
on the A\ constant of the weight w is sharp, which is the best known result for Buckley's inequality. 
Also, in the Fefferman-Kenig-Pipher inequality the sharp constant is C = 8, it was obtained by Vasyunin 
using the Bellman function method in |Va2] . 

Using the method of Bellman functions we are going to show that in Buckley's inequality K < 
C[w] RH d. We also show that the assumption that w is a doubling weight can be dropped. Finally, we 
show that the above four sums also satisfy the lower bound estimates in terms of the corresponding 
constants. Let us state our second main result in this paper now. 

We start with the following lemma, from which Theorem III. II will follow. 

Lemma II. 2. Let A(x) be a convex twice differentiable function on (0,oo) such that for all numbers x 
and t, such that x, x ± t are in the domain of A, the following inequality holds: 

(11.5) A{x) - A(X ~ t)+ 2 A(X + t] + at 2 A"(x) > 0, 

with some constant a > independent of x and t. Then for every weight w and an interval J the 
following inequality holds: 

(11.6) 1, (^iw) 2 A"((w) i )\I\^c[(A(w)} j -A((w} j )). 

Moreover, if the second derivative of A satisfies the following inequality for every x G (0, oo) and 
every e ^ 

(11.7) J (1 - \t\) A"(x + et) dt > q A"(x) 

with some positive constant q uniformly on x and e, then the inequality ( f/7. 61) holds with constant 

C = 8i. 
i 

The Bellman function proof of the Lemma III. 21 can be found in Section IIV.3I 

Remark II. 3. Note that if the second derivative of A is a monotone function ^IV.B) holds trivially with 
constant q = \, which makes Lemma III. S\ applicable to a large class of functions producing a number 
of new inequalities of Buckley's type. In particular, function A(x) can be taken A(x) = x p , p > 1, 

A(x) = xlogx, A(x) = x p- 1 , p > 1 or A(x) = logx. In what follows we will see how these choices of 
the function A(x) imply Buckley's theorem. 

Now we want to introduce the "reverse" lemma, which is true for particular (most interesting for us) 
choices of the function A. 

Lemma II. 4. (1) Let A(x) be a function, defined on (0,oo) such that 

(U.8) A(x) - A{X ~ t] ± A{X + t] + (5 t 2 A"(x) > 0, 

holds with some positive constant (3 independent of x and t. 
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Then for every weight w and an interval J 

(11.9) ±- J2 (A/w) 2 A!'((w) z ) \I\ > C ((AH) j - A((w) . 

Moreover, condition /ill. 8\) holds for functions A(x) = x p , for all p > 1 and for A(x) = xlogx. 
(2) If A satisfies the inequality 

(11.10) A(x) - A{X ~ t)+ 2 MX + t] + t 2 A"(x) > 

whenever < t < ^jr-x (for C > 1; (3 depends on C ). Then for every doubling weight w and an interval 
J 

(11.11) -L J2 (ah 2 ^"(H 7 )|/| > c ((ah) j - a((w) , 

where the constant C depends on the doubling constant of w. 

Moreover, condition (II.lQj) holds for functions A(x) = x~~ for all p > 1 and for A(x) = — log(x). 

Bellman Function proof of Lemma 111.41 can be found in section IIV.4I 

Remark II. 5. Note that in Lemma II. 4, similarly to Lemma \TL 2\ we can also write conditions ( fi7. <51) 



and /III. 1 Ol) in the integral form, but in this case /III. S\) and /III. 10\l are easier to check at least for the 
functions we are interested in. 

From our lemmata, by taking A(x) = x p and A(x) = x - ^ 71 p > 1, A(x) = xlogx and A(x) = log(x), 
we derive the following theorem. 

Theorem II. 6 (Main result 2 : Representation of bumped averages). Suppose 1 < p < oo and 
w is weight. Then 

(1) (case A(x) = x p , p > 1) There are real positive constants c and C independent of the weight w, 
such that for every interval J 

(H.12) c(H) j - (w)*) <A E ( T^f ) K l J l < C « wP h ~ KP" 

1 1 ieD(j) V ' i / 

(2) (case A(x) = xlogx) There are real positive constants c and C independent of the weight w, such 
that for every interval J 

(11.13) 

c({wlogw) j - (w) j log(u;) j ^ < ^- E (t^t) l J l - C (( wl °S w )j ~ (w)jlog(w)^ 

(3) (case A(x) = x~~) There is a real positive constant C independent of w, such that for every 
interval J 

(ii.i4) -L fe) h;^|/|<c7^-^)^-h;^. 



Moreover, if w is a doubling weight, then there exists constant c that may depend on the doubling 
constant of the weight w, such that for every interval J 
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(ins) - < E (^) m;* 

(4) (case A{x) = —logx) There is a real positive constant C independent ofw, such that for every 
interval J 



2 



(n.16) iji E rf ) m^oog^-oog^). 

' ' ieT>(j) V ^ 'i / 

Moreover, if w is a doubling weight, then there exists constant c that may depend on the doubling 
constant of the weight w, such that for every interval J 



2 

HI. 



(H.17) c(tog -Oog^X^ £ (^) 

Theorem III. 61 immediately follows from Lemma 111.21 the Remark after it and Lemma 111.41 We will 
leave its proof to the reader. Instead, let us show how Theorem III. 61 implies Buckley's theorem in the 
dyadic and continuous cases and in the case of weak Reverse Holder classes. 

In order to write our results in a more compact way we will start by introducing another way to 
define Reverse Holder and Muckenhout constants. We will call them Buckley's constants and denote by 



[w] RH d, B and [w] AdB : 



[w] RH , B := inf i^Q>l s.t. WJeV ±- { £ {w) p |/| ^ Q {w) p 

and similarly we can define continuous Buckley's Reverse Holder constants 



[«;UB:=iiif |q>i s.t. vjci -L J2 (f^f) MJI^QMj}. P >i. 



iev(j) 



And similarly for 1 < p < oo we define dyadic and continuous Buckley's Muckenhoupt constants: 



1 1 iev(j) \ x ' I J 



and 

[w) a b := inf ^ Q > s.t. VJ C 

l ' J 1 iev(j) 
and in the case we have 

[w] Ad ,B := inf { Q > s.t. VJ G V ^- V \ |/| < Q 

and 

w] a b : = inf I Q > s.t. VJ C R r^r V" [ ] |/| < Q 



:= inf < Q > si. VJ C R t4 V I 7^ 

[ 1 1 iev(j) \ x 1 1 



EQUIVALENT DEFINITIONS OF DYADIC MUCKENHOUPT AND REVERSE HOLDER CLASSES IN TERMS OF CARLESON S 

Note that in the Reverse Holder case in Buckley's constants we do not need to define separately the 
RH 1 constants. We are ready to state the result about comparability of Buckley's constants to the 
regular Reverse Holder and Muckenhoupt constants. 

Theorem II. 7 ( Main result 2 : comparability of constants in summation conditions). 

(1) Suppose 1 < p < oo then there are positive constants C and c such that for every weight w 

c (H^-i) < [w]rh** < ^(Hfiffd- 1 ) 

and 

c (K RHp - 1) < Hrhs < C ([w] p RHp - 1) 

(2) In the case p = 1 there are positive constants C and c such that for every weight w 

4 w ]RHf < [w]rh* b < C I w ]rh? 

and 

c[w] RHl < [w} rh b C[w] RHl . 

(3) For any 1 < p < oo there is a positive constants C such that for every weight w 

[w] AfB ^ C (MjJ - 1) and [w] A s < C{[w\X X ~ 1) 

(4) In the case p = oo there is a positive constants C such that for every weight w 

Ma* b ^ c lo sH^ and Ma* ^ c \og[w\ Aao . 

Moreover, if w is a doubling weight then 

(5) For any 1 < p < oo 

i i 

c<i (H5 1 ~ X ) ^ Na^ anrf c (Ma' 1 - !) < Mas 

/io/ds witt positive constants q and c £/iat depend on the (dyadic) doubling constant of the weight w. 

(6) In the case p = 00 

Cd log [w] Aio < [w] A d,B and c log [w]^ ^ [w] a b 

holds with positive constants Cd and c that depend on the (dyadic) doubling constant of the weight w. 

We now show how Theorem III. 71 follows from the Theorem 111.61 Note also that in parts (5) and (6) of 
the Theorem III. 71 constant q and c are different because one depends on the dyadic doubling constant 
of the weight w and the other one depends on the continuous doubling constant of w. 

Proof. We will prove case (1), all other cases are proved in a similar way with only minor changes and 
will be left to the reader. 

We will show that the first part of Theorem III.7I follows from the first part of Theorem 111.61 from 
which we know that there are constants c and C such that for any weight w and interval JcK 

2 

\I\ < C{(w') , - (w)- r ). 



(11.18) c((nf) j - <»,}*) < |1 £ 

1 1 iev(j) \ x '// 



First, we assume that w £ RHp (dyadic or continuous), which means, by Remark II. 3| that for every 
(dyadic) interval J C R 



O^K) T -(w) p <([wF , d) -l)(w) 



p 

x ' J " ' - RH p a > ~' x 1 J 
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So, by inequality III. 181 we have that 




$ J K |/| < c (H" RH u, - 1) w 



hence M^M.* < C (M^oo - x )- 

Second, assume that w G RHp d ^' B , so for each (dyadic) interval J C 

2 



/ex>(j) 

Then from flII.18j) we deduce that 



1 1 lev U) V ' I / 



which means that id G RHp and c (M^-w — 1) ^ Miyj-W' 3 - 



Parts (2), (3) and (4) of the Theorem III. 71 are proved in exactly the same way, using Remarks II A\ 
IL 1 1 and lL2l and the corresponding parts of Theorem III. 61 The doubling assumptions in (3) and (4) also 
come from the Theorem III. 61 □ 



The Theorem III. 71 obviously implies Buckley's theorem (Theorem lII.il) . but our Theorem III. 61 is even 



stronger then this. Since Theorem III. 61 shows comparability of summations for a given weight with its 
bumped averages, we can also write summation conditions for the weak Reverse Holder classes in the 
similar way. 

III. Summation Conditions for the Weak Reverse Holder Classes 

In this section we discuss the weak Reverse Holder class RHW P , p ^ 1. We remind that the definition 
of the RH M/p-constant. For simplicity, we drop the superscript d, that referred to dyadic case. 

All of the above is true in the continuous case as well, when all suprema are taken over any interval 
JcR. We won't repeat all the definitions but will refer the reader to [BRj . 

We also give the definition of so called "weak" reverse Holder class RHWp. 

Definition 3. In the dyadic case let J* stand for the dyadic parent of J G D. Then weight w belongs 
to the dyadic weak Reverse Holder class RHWp, p > 1, if and only if its weak Reverse Holder constant 
is finite: 

i 

(w p )p 

(III.l) w G RHW* ^ [w]rhw$ ■= sup < oo. 

1 Jev {w} 



For p = 1 we define the RHW± class as follows: 



(111.2) w G RHWf 



w 



d 

RHWi 




In the continuous case, for any interval J C R let 2 J stand for the interval concentric with J of the 
length twice the length of interval J. Then weak Reverse Holder classes RHW p ,p > 1 and RHW\ are 
defined by 



i 



(w p )p 

(III. 3) w G RHWp <^=^ [w]rhw p '■= sup J < oo. 

JCR \W) r 



2,1 
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and 

I in in \ 

(III.4) weRHW, <=► [w] d RH : = sup ( log T — ) < oo. 

jcr\ (w) 2J (w),/^ 

We again note that it is important that in the definitions of RHWf and RHWi inside the log we 
divide by the average of w over the interval J, not by the average over J* or 2 J. 

Remark III.l. We now explain why the definition of the weak Reverse Holder constant, ( \lll.2\i , makes 
sense. In fact, in spirit of the formula above, we can define it as 



Mrhw?' ■= SU P 



lev \\w\\ L>J * 

Remark III. 2. Also note that as in the strong case we can rewrite UII. (III. fy) . nil. 3\) and ( III.$ 



as: 

(111.5) w G RHWp <=► 0^M^HW;<i WJeV ' 

(111.6) w G RHW? <=^> < (wlogw) j - (w) j log (w) j < [w] RHW d (w) ^ VJ G V, 

(111.7) weRHW p <=► O^M^M^W; VJcM, 

(111.8) w G RHWi ^ < (wlogw) j - (w) j log (w) j ^ [w) RHW a (w) 2j VJ c R. 

Definition 4. VKe are read?/ to define dyadic and continuous weak Buckley Reverse Holder constants 
now in the most natural way. For any p ^ 1 let 



[w] RHW d, B := inf { Q > s.t. V J G V 



J 



1 /ef(J) \ x '// 



and 



Hhhw/ := mf \ Q > s.t. VJd _ ^ | ^ J („,)* |/| < Q ( w ) 




Now we are ready to state the following theorem, which is also a consequence of the Theorem III. 171 

Theorem III. 3. A weight w belongs to RHWp if and only if the weak Buckley constant, [w] RHW d,B, is 
finite. Moreover, there exist positive constants C\ that does not depend on w and p and C2 that may 
depend on p, such that for any p > 1 



RHW a, B < d[w] RHWd and [w] RHW d < C 2 ([w] RHW d, B + 1> 



I If I nmyi 



and same in the continuous case 

[w]rhwb ^ Ci[ 

In the case p = 1 there are positive constants C and c such that 

c[w] RH d, B ^ [w] RH d ^ C[w] RH d, B 

and 

c[w] RHl < [w] rh b < C[w] RHl . 

Proof. Proofs for continuous and dyadic cases are identical, so we will do both continuous and dyadic 
cases simultaneously. 
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For p > 1, by Theorem 111.61 part (1) we know that for any weight w and any interval J the following 
holds: 

2 



(in.9) c«»o, - « ^ E f |f ) K 

1 1 ieD(j) V '// 



J| < C((w p ) j - 



/ex>(J) 

Note that (w) is nonnegative, so if to belongs to the (dyadic or continuous) class RHW p by ( 1III.5P or 
( 1III.7P we have that for every (dyadic) interval JcK 

1 y /A/uA (XP^^c^ ^C[W] P (d) (w) P , 

1 1 /eo(J) \ x '// 

where F(J) is either the dyadic parent of J or 2 J. So [ w ) rhw W,b ^ C*[tf;]^^ (d) . To prove the reverse 

inequality we assume that w is in (dyadic or continuous) RHWp d ^' B , then 

/ \ 2 
1 / Ajto 



2. (755- KIKH™^.).^ 



from which we conclude that (w p ) ^ -\w] nT „,,<d),B (w) p + (w) p . Note that (w) ^ 2 (it;) , so 

Which implies that [HitHwW ^ fcMi?fny (d) ' B " anc ^ com pl e ^ es the proof of the theorem for p > 1. 

For p = 1 we use the comparability (part (2) of Theorem III. 61) : 

c ((w\ogw) j - (w) j log(w) j S j < (t^t) ^/ I 1 ' - ^((wlogw^ - ( w ) J lo s( w ) J > ) 

' ' Jex>(j) V ^ 'I / 

together with the definitions of dyadic and continuous RHWf" 1 (IIII.6P and flIII.8p . This proof is similar 
to the continuous case is left to the reader. □ 

Remark III. 4. We notice that we have proved the theorem for any pairs (J,F(J)), which satisfy the 
following two conditions: 

(1) J C F(J), and 

(2) \J\>c\F{J)\. 

IV. Bellman Function Proofs 

IV. 1. Some history. We now proceed to the Bellman-type proofs. Before we do it, we would like to 
make some historical overview. 

Bellman function, related to investigation of weights by their own (i.e., not related to linear operators 
in weighted spaces), has been exploit in different papers. Such properties as Reverse Holder, LP estimates 
and distribution functions of A p weights were investigated in works |Valj . [R] . |DiWaj . In all these works 
the Bellman function was found for continuous A p . We strongly refer the curious reader to these papers, 
since the search for Bellman function and extremal examples are given there in details. 

Aside from these three papers, the theory of BMO weights was developed in |SlVa] . In this paper, 
together with the continuous BMO, authors considered the dyadic one. The dyadic problem appeared 
to be much more delicate in some sense, and required a lot of additional calculations. In what follows, 
we use several parts of the dyadic proof from |SlVa] . It appears that in our case the same steps give the 
proof. However, some parts of our proof are more delicate. 
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We now point out two difficulties that we have. First of all, functions in |SlVa] were absolutely 
explicit. In our case, as the reader will see, many ingredients are given implicitly, which makes things 
a little more complicated. 

The main difficulty, though, is not the fact that we have implicit functions. In |SlVaj authors noticed 
that the domain of their Bellman function has the following property: it can be enlarged, with a good 
estimate of this "enlargement", such that if endpoints and center of some interval are in the smaller 
domain, then the whole interval is in the enlarged domain. It immediately implied that, if we do not care 
about sharp constants, we can get some nice estimates in dyadic case immediately from the continuous 
case. 

In the Remark IIV.11I we prove that the domain of our Bellman function does not have this property. 
Therefore, without additional investigation, we can not make any dyadic statements. This means that 
we are "forced" to care about best constants and run a variant of the proof from |SlVa] . 

We also refer the reader to another dyadic problem, [VaVolj . Authors obtained the exact Bellman 
function too. However, the domain of their function was convex, and, therefore, obviously had the above 
property. 

In |BRj authors introduced a certain function of two variables, that allows to prove the continuous 
case of the inequality. 

We sketch the definition and application of this function and discuss the main difficulty of the dyadic 
problem. 

We will start with the Bellman function proofs of the summation conditions (inequalities 111.41 - lll.lj) 
since they are simpler then the prove of theorem II. 5\ which is much harder. 

IV.2. Technical details. In this section we want to prove the following proposition. 

Proposition 1. (1) For any monotone non negative function f(x) the following inequality holds for 
some constant C: 



(2) If A(x) satisfies 
then for some a > 



J (l-\t\)f(x + £t)dt^Cf(x). 
J (1 - \t\)A"(x + et)dt > qA"(x) 



t , . A(x-t) + A(x + t) 9 .... . 
A(x) i '— — i L + at A (x) ^ 0. 



(3) If A(x) = x p , p > 1, then for some (5 > 

A(x) - A{X ~ t)+ 2 A{X + t] + f3t 2 A"(x) > 

(4) Let C > 1 and A(x) = x~p^. Then there exists an a, depending only on p and C , such that the 

a 

A(x) - -V- ' ") ' "V"- V + p t 2 A "^ ;> o. 



following inequality holds for any t, < t < ^r-x: 

A(x + t)+A(x-t) , „, .„ 



Moreover, one can take 



p> yc-r 2 v c-r 

The first part. Suppose / is increasing. Then 

(1 - \t\)f{x + et)dt ^ I (1 - \t\)f{x + et)dt ^ f{x) [ (l-\t\)dt. 
i Jo Jo 
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If / is decreasing then we consider the integral over (—1,0), which finishes the proof of the first part. □ 

The second part. Let x(s) = ( rr ^ f )( 1 ^ s )+( x+f )( 1 + s ) ; anc [ a ( s ) — A(x(s)). Then we would like to estimate 
the quantity 

(iv.i) fl (o)- fl(1) Y ( " 1) =4/ 1 i (i-MK(^ = 

= ~ ■ (2t) 2 J' (1 - \s\)A"(x(s))ds = -c-t 2 J' (1 - \s\)A"(x + st)ds. 



Thus, 

A(x) - ^ ^ _ c _ ^ A f^ x ^ 

which is exactly what we want. 



A{x-t)+A{x + t) ^ 



□ 

The third part. Due to the homogeneity, this inequality is equivalent to the following: 

m :=M --'" +1 )' ,+ '"- 1 )' + ^-^0, u>l 

2 

We notice that / is continuous, and lim ^M- is finite. Therefore, such (3 exists. □ 
The fourth part. Again using homogeneity, we reduce our problem to the following: the function 

fo(u) — u p-1 - ^ '- ^ '- + 1U p-i 



should be non-negative, when u ^ Here 7 = ct^zi- 
We multiply by u 2+ ~ and, denoting v = u -1 , we need 



-1 



n / \ 1 (1 - v) p- 1 + (1 + v) p- 



or the function 



1 



, _ j__ (I-V) v-i +(1+ V ) 
J\ V ) ~ _.9 



2f 2 

should be bounded from below, whenever < v < ^r-- 
We prove the following: 

Lemma IV.I (Sublemma). f(v) is decreasing. 

If we prove the sublemma, we get 

/(.) > f (%± 

and, therefore, 



Proof of sublemma. We prove this proposition by straightforward differentiation. First, 

„V W = i-' 1 -")"^ + ' 1 + ")" A , 

and so 

1 (1 + _ (1 _^)-i-^t 



□ 



2vf(v) + v 2 f(v) 



p-1 
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thus 

1 (1 + vV 1 '^ - (1 - v)" 1 '^ 2 (1 - v)~~^ + (1 + v)~^ 

«7» = 7" " 7T " + " " " " 

p — 1 2 v v 

We would like to prove that f'(v) < or, equivalently, the right-hand side is negative. We multiply 
by v to get (after simple algebra) 

v 3 r(v) = (i + v) 1 -?'^ + (i - vY-p iP -±± - ((i + v)-+ + (i - ^r p ')^n - 2 =: 

Clearly, ^(0) = 0. Next, 

nv) = + _ d-iw+i) (1 _ „,-, + + „ r -, _ (1 _ v) .„ )t 

0» = • v ■ ((1 + "J" 2 "" - (1 - «)- 2 -"'). 

Thus, ip"(v) ^ 0, thus ^'(f ) ^ ^'(0) = 0, and so ip(v) ^ ^(0) = 0, which is what we want. □ 

IV.3. Bellman Function Proof of Lemma 111.21 We remind that A(x) be a convex twice differen- 
tiable function on (0, oo) such that for every x £ (0, oo) second derivative of A satisfies the following 
inequality for every e > 

(IV.2) J (1 - \t\)A"(x + et)dt > QA"(x) 

holds with some positive constant Q uniformly on x and e. 
Then for every weight w and an interval J 

(IV.3) i- £ ((w) i+ -(w) i _yA"((w) i )\I\^8^( K (A(w)) j -A((w) j )). 

Proof. Take a function of two variables B(u,v) = v — A(u). Then, as we have proved, 

B(u-t,v-s) + B(u + t,v + s) ( A(u-t) + A(u + t) \ 2 
B(ti,t;) = - \A{u) I ^ at A (u), 

whenever B is defined at points we write. 

We now take a weight w. Then (w) + (w) = 2 (w) , and so (w) = (w) ± t. Therefore, 

i + i- i i± i 

B«w) ,(A(w)) ) + B«w) ,(A(w)) ) 
B((w) j , (AM),) > J -± ^ J - J — + a(Ajw) A"((w) j). 

We rewrite this inequality in the following form: 

\J\B({w) j , (A(w)) j ) > \J + \B((w) j+ , (A(w)) j+ ) + UAB^w)^ , (A(w)) j ) + a(Ajw) 2 A"((w) J\ J\. 

Now we repeat this estimate down to n-th descendants of J. We denote this family by T> n (J). We get 

IJI^M^M)^ |/|5(W / ,(^H) / ) + «E E (a^) 2 a"(H 7 )|j|. 

I<EV„(J) k^nIeV k (J) 

Using that B ^ whenever v ^ A(u), which in our case is just Jensen's inequality, we get 

\J\B{(w) j ,{A{w)) } ) ^ aY, £ {^iwfA"{{w) i )\I\. 

Since the last estimate is true for any n, we pass to the limit and get 

l€V(J) 
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But this is exactly what we want. Our proof is finished. □ 
IV. 4. Proof of the "inverse" lemma 111.41 

Proof. We follow the skim of the previous proof. Take a function 

B(u, v) = av + A{u). 

Then B satisfies the following inequality: 

B{x) B ( x + t ^ + s - t 2 A"(x)) + B(x-s,y-s- t 2 A"(x)) = ^ A(x -t) + A{x + 1) | ^//^ ^ Q 

The last inequality is true for A(x) = x p or A(x) = xlogx without additional assumptions, or for 
A(x) = x" 1 ^ 1 or A(x) = — log(x), if t < ^r-x- 

We now take a weight w. If w is doubling (which we need only for the second part), then there exists 
a constant D(w), such that for any dyadic interval J the following is true: 



(w) J ^ D(w) (w) 



If now (w) j = (w)j ±t = x ±t, then 



x ^ D(w)(x — t), 

which implies 

C-l 

for C = D(w). 

We now denote m = (w) and v\ = t4- (A R (w)) 2 A"((w) )\R\. 

1 Rev(i) R 

We notice that if uj ± = ui ± i then 

vi - VJ± ^~ = (Mw^'dw)^ = ^"(M,) = t 2 A"(uj). 
So, vi ± = vi ± s — t 2 A"((w) ). Therefore, by our inequality for B, we get 

B(u J+ ) + B( UJ _) ^ n 
B(uj,vj) > 0. 

By the usual procedure, we get 

\J\B{uj,vj)^ \I\B(ui,vi). 

We now introduce sequence of step functions: for a fixed n we take the family {/: I G V n (J)}, and 

u n {t) = uj, t e I, 

v n (t) = vi, t e I. 

Then the last inequality is the same as 

\J\B(uj,Vj)^ J B(u n (t),v n {t))dt. 
'.) 

We now notice that B(u, v ) = av + A{u) ^ A(u), so 

\J\B(uj,vj) ^ [ A{u n {t))dt. 
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By Fatou's lemma, 

\J\B(uj,vj) ^liminf J A(u n (t))dt ^ / liminf A(u n (t))dt = J A(w(t))dt. 

j j j 

The last is true since for almost every t, by the Lebesgue Differentiation Theorem, we have u n (t) — > w(t), 
and because A is a continuous function. 

Dividing by \J\, we finally get avj + A{uj) ^ (A(w)) , which finishes our proof. □ 

IV. 5. Proof of Main Theorem I. 

IV. 5.1. Notation and definition of function B. For a point z = (x,y) G M 2 we denote [z] = xe~ y . For 
any number Q, Q > 1, we define the domain Qq as follows: 

tt Q = {z={x,y): l^[z}^ Q}, 

and the boundaries of Qq are 

T = {z: [z] = l} 
T Q = {z: [z] = Q}. 

With any point z G Qq we associate two numbers: v and a. We take our point z and consider the line 
£(z), tangent to Tq, that "kisses" Tq on the right-hand side from z. The point £(z) D Tq is denoted by 
(a, log Now we draw £(z) to the left until it intersects T, and the point of intersection is denoted by 
(v,log(v)). Notice that v ^ x ^ a. 

More carefully, let 7 = 7(Q), 7 ^ 1, be the smaller solution of equation 

7 - log(7) - 1 = log(Q). 

Then the line £(z) is given by a formula 

7 • x 

y = + log(i>) - 7- 

V 

This equation defines a unique v, such that v ^ x. Moreover, a is given by v = 7 • a. We are ready to 
introduce the Bellman Function. We give an explicit formula: 

x — v 

b q( z ) = b q( x , y) = x- log(v) h . 

7 

Remark IV. 2. TTie equation on t, t — log(t) = log(-u), rather famous and developed. In the mathe- 
matical program Maple this solution can be obtained using a command 

—LambertWi ). 

u 

Several inequalities in next sections can be checked by graphing related functions. The second author 
wants to emphasize his gratitude to developers of Maple. 

IV. 5. 2. Main theorems and discussion. The following theorem was proved in [BRJ. 

Theorem IV. 3. The function Bq(z) has following properties: 

(1) B Q (v,log{v)) = vlog{v). 

(2) B is smooth in Qq, and locally concave in Qq. Namely, if zi, z 2 G Qq, z = sz\ + (1 — s)z 2 for 
some s G [0, 1] and {tz\ + (1 — t)z 2 } C Qq then 

B{z) > sB( Zl ) + (l-s)B(z 2 ). 

(3) For every point z = (x,y) G Qq there exists a function w, [w]^ ^ Q, such that (w) = x, 
(log(to)) = y, and (w\og{w)) = B(x,y). 

This theorem implies the following (see [BR] ) . 
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Theorem IV. 4. The following equality holds: 

Bq(x,y) = sup{(wlog(») : (w) = x, (log(tu)) = y, [w]^ < Q}. 

We sketch the proof of this theorem. 

Proof. The third property of B implies that Bq(x, y) is not strictly bigger than the right-hand side. For 
the other direction, we take a point z = (x,y) G Qq and a function w, such that (w) = x, (log(w)) = 
y, [w]oo ^ Q- We now take two intervals I±, such that I + U i_ = /, I + fl I =right end of J_. We take 

(IV.4) z± = (x±,y±) = (H /± , (log( W )) j± ) G fig. 

Assuming that the interval [z_, z+] lies in f^Q, we write 

Biz) > l -^B(z_) + ^B{z + ). 

Repeating this procedure, we get 

N \I n \ 

n=l ' ' 

where z n = ((w) , (log(w)) ). We now introduce a pair of step functions. Let 

N 



71=1 

A' 



v N{t) = ^2(log{w)) pi Xl«{t)- 



n=l 



B{z) > / B(u N (t),v N (t))dt. 



Then we have 



If w is separated from and oo then, by the Lebesgue theorem, we get that 

Mjv(£) — > w(t) a.e. 
VN(t) — > log(w(t)) a.e.. 

Therefore, 

B(z) > B(w(t),]og(w(t)))dt= / w(t)log(w{t))dt = (wlog(w)) 



In the chain above we used that £> is bounded on compact sets, so we can apply the Lebesgue Dominated 
Convergence Theorem, and the second property of the function B. The proof is finished. □ 

Remark IV. 5. Careful reader can see two gaps in the proof above. First, we never introduced a proper 
procedure of choosing intervals I±. And second, we focused on bounded functions w (and separated from 
0) without saying anything about the general case. We refer to the paper [BR], where all details are 
given. 

Remark IV. 6. We now point out the main difficulty of the dyadic case. In the proof above we had a 
formula (1IV.4I) . We claimed that z± = (x±,y±) = , (log(w))^ ) G Qq. In the dyadic case though 

this can be claimed only if I± are dyadic intervals! Therefore, we do not have any procedure of choosing 
I± except for splitting I in two halves, et cetera. The main problem now is that we can never be sure 
that the segment [z_, z + ] lies entirely in the domain Qq. 
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After these two remarks we state the main theorem, that works for dyadic setting. Let Bq be a 
function, described above, defined in the domain Qq. For any Q > Q we define Qq = Q Q , jq = 70, 
v Qo — v o, «Q = a o, and B Qo (z) = B (z) as we did for Q. Then 

Theorem IV. 7. There exists a constant C, which does not depend on Q, and a number Qq, such that 
1 < Q < Qo < CQ, and such that the function Bq has the following additional property: whenever 
z, z +J z_ G Qq, and z = z++ ^~ , the following inequality holds: 

2B (z) > Bq{z + ) + Bq{z.). 



If r = Jl — ^ then Q is given by equation 

(1 - r) log(7o) + - (1 - r) - (1 - r) log(l - r) - (1 + r) log(l + r) = 0. 

7o 

Remark IV. 8. We notice that this equation defines 70, which immediately defines Qq. 

Remark IV. 9. The following thing happened. We claim that we can take a larger domain and a function 
Bq , which is bigger than Bq, and which has the property: if three points z,z±, described above, lie in 
the small domain Qq, then 2B (z) ^ B (z + ) + Bq(zJ), even though the interval [z_,z + ] does not lie 
even in Qq . 

The fact that the solution Qq of the equation above can be bounded by CQ will be proved later. To 
emphasize the difficulty of the problem we prove a lemma, that shows the difference of our problem 
from the problem solved in |SlVa] . 

Lemma IV. 10. For any constant C , C > 0, there exists a number Q, Q > 1, and three points 
z, z± G Qq, such that 2z = z + + Z-, and such that for some value of t G (0, 1) we have the following: 

[tz+ + (1 - t)z-\ > CQ. 

Remark IV. 11. This lemma shows that for any given Qq = CQ there may be three points in Qq, such 
that the interval [z~,z+\ does not lie entirely in Qq . 

We note that in |SlVa] such constant C existed, which did not simplify the search for the very best 
constant, but would give us linear dependence on [w]^ at once. If this was the case, we would simply 
take Qo = CQ, and since z±, z G Qq implied [z_, z + ] G ^q , where Bq is locally concave, we would get 
2B Qo (z)>B Qo (z + ) + B Qo (z_). 

Since such C does not exist, we are forced to continue our investigation. 

Proof. This is an easy calculation. In fact, these points are z_ = (1 — r, log^), z = (l,log^), and 
z + = (l + r,log(l + r)). " " □ 

As a main consequence of Theorem IIV.7I we get the following. 

Theorem IV. 12. For every point z = (x,y) G Qq the following inequality holds: 

Bq(z) ^ sup{(u>log(w)) : (w) = x, (log(tu)) = y, [w]^ ^ Q}. 

Proof. We take a point z, 1 ^ [z] ^ Q, and a function w, such that (w) = x, (log (it;)) = y, and 

IV. 5. 2. A. Case 1: w is bounded away from and 00. We take J° = /, I\ 2 — left an d right halves of /. 
Then 1^2,3,4 are quarters of /, et cetera. For every k,n we have z*((w) k , (log (it;)) ) G Qq, and every 

z^ is a center of interval, that corresponds to "sons" of P\. Therefore, for a fixed k, 



Bo(z) > 52^Bo(4) = J B (u k (t),v k (t))dt, 
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where 

Uk(t) = ^2(w) Xi*(t), 

n 

= $^( lo s(»> fc */*(*)• 

n 

n 

Since w is separated from and oo, we get 

Uk{t) —> w(t), a.e. 
v k (t) ->■ log(w(t)), a.e.. 

Since we have countably many intervals {I^}n,ki the set Z = {z^} i s a compact, and thus the function 
Bq is bounded on Z. Therefore, by Lebesgue Dominated Convergence Theorem, 

£0(2:) > (wlog(w)) . 

IV.5.2.B. Case 2: arbitrary w. We sketch the proof here, as it is the same as in [BRj . We take 

{n, itf(i) ^ n 
io(£), 1 ^ w(t) < n 
1, w{t) ^ 1. 

Then, as it follows from |RVV] . [w n ]^o ^ Q- By the previous case we get 



B (z) ^ (w n \og(w n )} = j w n \og(w n ). 

{t: w(t)^l} 

On the set {t: w(t) ^ 1} the sequence w n (t)log(w n )(t) increases to w(t) log(w(t)), and passing to the 
limit, we get 



B (z)^ J w(t)\og(w(t))dt^ J w(t)\og(w(t))dt = (w\og(w)) . 

{t: w(t)^l} I 

The last inequality holds simply because on the set w(t) < 1 we have w(t) log(w(t)) ^ 0. 

Our proof is now finished. □ 

The rest of this section is devoted to the proof of the Theorem IIV.7I The uncurious reader can skip 
this proof since it does not involve any weight theory. 



IV. 5. 3. Proof of the Theorem IV. 7: reminder. At first we would like to remind the reader some notation. 
We fix a number Q, Q > 1. In what follows the number Q is always bigger than Q. 

For every point z = (x,y), such that xe~ y G [1,Q] we denote [z] = xe~ y . Moreover, numbers 70, 
v = Vq and a = ao are defined implicitly by 

(IV.5) 7 o-log( 7 o) = l + log(Qo), 

(IV.6) y = + log(v) - 70, 

(IV.7) a = — . 

7o 

In what follows points z± are such that 2z = z + + z_, and v±, a± are defined as above for these points. 
Our "larger" function is defined as: 

B (x, y) = x- \og{v) + - — -. 

To 
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Furthermore, 

V Q = {z: [z]=Q], 

r oo = i z - N = Qo}, 
r = r 1 = {*: [z) = iy 

We sometimes refer to Tq as to a (^"boundary and to Tq as to a Qo-Doundary. We start with the 
following easy lemma. 

Lemma IV.13. Suppose F(x,y,x + ,y+,X-,y-) = 2B {x, y)—B (x-, y-)-B {x + , y + ). If F(x,y,x + ,y+,X-,y-) 
then for every number C , C > 0, the following holds: F(Cx, y + log(C), Cx + , y + + log(C), Cx_,y_ + 
log(C)) > 0. 

Proof. This lemma follows immediately from the homogeneity of B , namely, B (Cx,y + log(C)) = 
Cxlog(C) + CB (x,y). □ 

This lemma allows us to choose C — - and always think that x — 1. 

We first start with positions of z, z± that are supposed to be "worst" in some sense. Later we shall 
see that in fact the next section is not needed at all. However, for the sake of completeness we keep it. 
IV. 5. 3. A. Remark about notation. Abusing notation, we always denote by A the following expression: 

A = 2B (z)-B (z+)-B (z-). 

However, in different sections the same letter A will depend (and be differentiated) on different variables. 
We will always specify on which variables it depends. 



IV. 5. 4. Proof of the Theorem IV. 1. First step. We start our investigation from the case when z±, z are 
on the boundary of Qq. Since z, z± are going to be fixed, A will depend only on Q . 

Our first case is when two of them are on Tq and the third is on T. Second case is when two of them 
are on T and the third is on Tq. Moreover z G Tq always. 
IV.5.4.A. z_ G T Q and z + G T. We have z = (l,logi). 

We denote z + — (1 + r, log(l + r)) and z_ = (1 — r, log -^-), r ^ 0. Then, since 2y = y + + y_, we 

obtain, 2 log = log ^77-, so r 2 = 1 - ^ and thus r = * 1 — ~. Then we have: 



1 - r 1 

z- = (1 - r,log-^-), 2 = (l,log— ), z+ = (1 + r,log(l + r)). 

We prove the following theorem. 

Theorem IV. 14. Take Qq = Q. Then we get 70 = 7, B = B, and v, associated to Q. Denote 

A = A(Q) = 2B(z) - B(z_) - B(z + ). 

Then A ^ 0. 

We notice that now A depends on Q, and Q is a variable, that is bigger than 1. 
This theorem, together with next lemma, gives us what we want. 

Lemma IV. 15. For fixed points z,z± G Qq, A(Qq) = 2Bq(z) — Bq(zJ) — Bq(z+) is an increasing 
function with respect to Qq on the set {Qo~. Qo ^ Q}. 

The second lemma shows that if our initial B was "concave" enough, then the "enlarged" Bq is also 
"concave" enough. 

Proof of the Lemma \IV.15[ By definition, 

1 - r 1 

z- = (1 -r,log-^-), z=(l,log— ), z + = (l + r,log(l +r)). 
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We have points v, v± G T, associated with z, z± and calculated in the enlarged domain. Namely, 
(IV.8) 70 - log( 7 o) = 1 + log(Qo) 

(IV.9) l og I = ^ + l og (,;)_ 7o 

Q v 

(IV.10) log i^I = 70(1 ~ r) + log(t;_) - 70, 

Q v- 

(IV. 11) v+ = l + r. 

In particular we see that V- = (1 — r)v. Since 

x — v 

B (z) =x\og(v) + , 

To 

and since 2x — x + — x_ = 0, one gets 

(IV.12) A(Q ) = 2 log v - (1 - r) log(v_) - (1 + r) log(v+) - — (2v -v.- v+) = 

To 

= 2 logf — (1 — r) \og(v) — (1 — r) log(l — r) — (1 + r) log(l + r) (2d — (1 — r)v — (1 + r)) = 

To 

u - 1 

= (1 + r)(log(u) ) - (1 - r) log(l - r) - (1 + r) log(l + r). 

To 

Last two terms do not depend on Q at all, so we consider only 

v — 1 



/(Qo) = log(^) - 



To 



We clearly have 



so 



To ~~ n, ' 

To Qo 



y. - 70 



(Tb-l)Qo' 



Differentiating the equality 
with respect to Qo, we get 



1 

log ~ = — + log(u) - To 
Q f 



so 



0= ^( 1 _25)_ 7 T 1 _I), 

^ f - To _ v - 1 To 

d t> i> (To-l)Qo' 

-t/ 1 — v 1 70 
v v - 70 1 - 70 Qo ' 
Now let us differentiate /(Qo)- We remind that 

/(Qo) = log(t,) - — = \og(v) + — , 
To To 
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SO 

dv.13) rm = - + ^'*-f 1 - v) = 

v To 

1 — v 1 70 v' 7o(l — v) 1 1 — v 1 7o 1 — v \ v 1 — v 1 



V-70I-70Q0 7o (7o-l)Qo7o w ~ To 1 - To Qo v - 70 1 - 70 Qo 1 - To Qolo 

1-v ( 70 v +lU_l^_fl_iU , 



(1 - 7o)Qo - 7o v-Jo To/ (l-To)QoVTo 
since v < 1, and 70 < 1. 

This finishes the proof. □ 

Proof of the theorem. We go back to Q, 7, -B, and t>, calculated for 7. We remind that in the statement 
of the theorem Q = Q. 
Recall that 

1 - r 1 
z- = (l-r,log—Q-), z=(l,log— ), z + = (1 + r,log(l + r)). 

Our u,i>± can be written explicitly in terms of 7. Indeed, 
(IV. 14) u_=7(l-r) 
(IV. 15) v = 7 

(IV. 16) u+ = l + r. 

Then 
(IV. 17) 

A = 2B(z)-B(z-)-B(z+) = 2(log( 7 )+^— ^)-((l-r) log( 7 (l-r))+— L^Ll lll)_(i +r ) l og (l+r) = 

T T 

= 2 log( 7 ) + - - 2 - (1 - r) log( 7 ) - (1 - r) log(l - r) - ^— ^ + (1 - r) - (1 + r) log(l + r) = 

T T 

1 + r 

= (1 + r) log( 7 ) H (1 + r) - (1 - r) log(l - r) - (1 + r) log(l + r). 

T 

We notice that 1 — r 2 = ^, so log(l + r) = log — log(l — r). Therefore, 

(IV.18) A = (1 + r) (tog( 7 ) + I - 1 - log - (1 - r) log(l - r) + (1 + r) log(l - r) = 

= (1 + r) (tog( 7 ) + log(Q) + i - 1^ + 2r log(l - r) = (1 + r) (7 + i - 2^ + 2r log(l - r). 

We would like to say that A ^ 0. Surprisingly, we can do it. Here is the chain of awful estimates. 
We denote 

f(Q) = A. 

Notice that 

The last one is true since r 2 — 1 = — ^. 

We notice that if Q = 1 then r = and 7 = 1, so /(l) = 0. We claim that f'(Q) ^ 0, which will give 
the desired result. 

We have 

= « + ^ " ^ + (1 + " ^OfFTj + (21og(1 " r) " T^»^?- 
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We notice that 7 + - — 2 > and we throw it away. Therefore, 



We now use that 



thus 



(IV.19) f{Q)> 



1 + r 



Q 



1 + r + 



1 — r 1 — r 2 
1 + r log(l-r) Q(l + r) 



r'2rQ 2 Q 7 



Q(l + r) 



rQ 2 



Q 2 1 -r 



7 



1 

Q 



1 + r + 



1 



Q 7 (l - r) 



+ 



log(l — r) 



-(1 + r) 



gv 



7(1 - r) 



+ log(l - r) 



Finally, 0^1 — r < 1, so 7 ( 1 1 r ) > ^, and therefore 

1 



Qr 2 



,7 



+ log(l - r) 



We now denote 



g(Q) = - + log(l-r). 

7 

Again, g(l) = 0. We are going to prove that g'(Q) ^ 0. Indeed, 
1 1 r 7 11 1 



g'(Q) 



j2rQ 2 7 2 Q(7-1) l-r2rQ 2 2rQ 2 
But r 2 Q = (1 - — Q - 1, which implies 



1 1 2r 2 Q 
7 1 — r 7(7 — 1) 



(IV.20) g'(Q) = 



2rQ 2 



7 1 — r 
1 



1 2 

-(Q-i) " 



7(7- 1) 



2rQ 2 



7 1 — r 



2(Q-1)( 



7-1 l' 



2rQ 2 



1 1 Q-l 2Q 2 
2^ + -TL 

7 1 — r 7 — 1 7 7 



Again ^ = Q(l + r), so 



2rQ 2 ^'(g) = -i + 2-^ + ^-g(l + r) = ^-^ + 2-^ + Q(i-r-l). 
7 1 — 77 7 1 — 7 7 

First two terms are clearly non negative. To check that the last one is non negative we do the following. 
7 satisfies the equation ip(t) — log(g) = 1, where ip(t) = t — \og(t). Lp is a decreasing function if t G (0, 1]. 
So if we prove that (p(j^) ~~ l°g(Q) ^ 1 then we get that ^ 7, which means that ^ ^ 1 + r. Thus, 

?{^—) - log(Q) = -J- + log(l + r) - log(Q); 
1+r 1+r 



the derivative of this expression is 



1 



1 



1 + r (l + r)V2rg 2 Q Q 



1 



(1 + r) 2 2rg 2 



1 

Q 



2Q 2 (i + r y 
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Since Q > 1, r > 0, we have 2Q 2 (1 + r) 2 > 2, so the derivative is negative, and therefore 

^(_L)-log(Q)^(l) = l. 
1 + r 

This completes the proof. □ 
IV.5.4.B. z_ G T, z + G Tq. In this case we still have r = ,/l — ^, but 



1 1 + r 

z_ = (1 -r,log(l -r)), z=(l,log— ), z+ = (1 + r,log -g-)> 

and 

(IV.21) u_ = 1 - r, 

(IV.22) u = 7 

(IV.23) u+ = 7(l+r). 

So, 

(IV.24) A(Q) = 2 log( 7 ) + - - 2 - (1 - r) log(l - r) - ((1 + r) log( 7 (l + r)) + 1 + r ~( 1 + r )7 ) = 

7 " 7 

2 1 + r 
= 2 log(7) + - - 2 - (1 - r) log(l - r) - (1 + r) log( 7 ) - (1 + r) log(l + r) + (1 + r) = 

7 7 

1 — T 

= (1 — r) log(7) H (1 — r) — (1 — r) log(l — r) — (1 + r) log(l + r) 

7 

Unfortunately, this expression is negative. To prove it one can take very large Q and write the asymptotic 
of everything. We have no intention to do it. However, curious reader can draw the graph of A(Q) in, 
say, Maple, and see that the function is negative. We now fix our choice of Qo- 

Definition 5. We define Qo as a solution of A(Qq) = 0, such that Qo ^ Q. 

We notice that this choice of Qo is as written in the Theorem IIV.7I 

This definition leaves two questions: if such a Qq exists and, more complicated, if there is a uniform 
estimate Q ^ C ■ Q, where C doesn't depend on Q. Fortunately, the answer is "yes" to both questions. 
We prove the following lemma. 

Lemma IV. 16. If z,z± as above, then for every point (u,v) G the following holds: ue~ v ^ CQ, 

where C is some uniform constant. 

This lemma, indeed, shows that if we take Qo = CQ then the function Bq will be locally concave in 
the domain f2g , and the line segment z+] lies in this domain. Since A(Q) ^ and A(CQ) ^ 0, we 
immediately get that between Q and CQ there is some Qo for which A(Q ) = 0. 

Proof of the Lemma. The segment [z-, z + ] has a parametrization u(t) = tx + (l — t)x-, v(t) = ty + + (1 — 
t)y-. Then 

<p(t) = u(t) exp(— u(t)) = (t(x+ - ar_) + z_) exp(-t(y + - y_) - y_). 

We would like to prove that tp(t) ^ CQ, t G [0, 1]. We have first of all, <p(0) = 1, (p(l) = Q, so we need 
to check local extrema. 

ip'it) = (x + - x-) exp(. . .) - (y + - y-)(t(x + - x_) + x_) exp(. . .). 

If 

<p%) = 

then 

X _|_ X — - « 

X — ~\~ t^yX-j- X-^)^ 

y+ - y- 
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SO 

1 x_ 



y+ - y- {x+ - x-) 



or 

x 

t*(y+ - y-) = 1 - (y+ - v ) x+ ~ x 



Therefore, 

We now plug our x± and y±. First of all, 



(fi(Q = — — exp ( (y + - y_) — 1 — y_ ) . 

v+-v- V x + - x - 



so x + — x_ = 2r. Also y + — y_ = log ^# — log(l — r) = log ^ , . We notice that 



x± — 1 ± r, 



Q(l - r) = Q(l - t/l-^) = Q - VQ 2 ~Q = 9 x I- 

So j/ + - j/_ x 1. As this proof doesn't involve any deep ideas, we finish is briefly. First of all, we are 
interested in large Q, because for bounded Q we can always find a uniform C. So, 



1-1-1-2. 
Q 2Q 



and X- = 1 — r ~ y_ ~ log So 



p(t,) x 2(1 - 2) exp (c . J_ 1 _ i _ i og x 2 exp(log(2Q)) x Q. 

This finishes our proof. □ 

IV.5.4.C. z± G T. In this case we change our choice of r. We have z± = (1 ±r, log(l ±r)), z = (1, log ^). 

Since log(l - r 2 ) = 2 log ^, we get 1 - r 2 = ^ , or r = ^Jl- ^. 
As in the first case, we prove two propositions. 

Lemma IV. 17. A(Q) > and for every Q ^ Q we have A(Q ) ^ A(Q). 

Proof. We start from the second fact. We always have v± — 1 ± r, and so 

1 - 1> 

A(Q ) = 21ogv + 2 (1 - r) log(l - r) - (1 + r) log(l + r). 

To 

We have already seen that the sum of first two terms increase when Q increase, and last two terms do 
not depend on Q . 

For the first part, notice that when Qo = Q we have v — 7 , and so 

A(Q) = 2 log( 7 ) + - (1 - r) log(l - r) - (1 + r) log(l + r). 

7 

We have 

7 ,1 



7 



Q( 7 -l)' rQ 3 ' 
The last one is new because r is different from first two cases. So, 

2 1 , 1-r 2 1 , (1-r) 2 2 
A' = 1 log = log — = — 

Q 7 rQ 3 S 1 + r 7 Q rQ 3 S 1 - r 2 Q 



7 qVq^i 



We leave the proof that this expression is positive as an easy exercise. Then A(Q) ^ A(l) = 0, and we 
are done. □ 
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IV.5.5. Proof of the Theorem IV. 1 : change of variables. 

IV.5.5.A. Discussion. We remind the reader that in the general case we basically have four variables: 
x± and y±. Then the center point z = (l,y) is given by 2 = x + + x_ and 2y = y + + y_. The first 
equation lets us get rid of x_, and so we have three variables: x + , y_, and y + . These variables have 
rather sophisticated domain. Here are the inequalities that define this domain: 

x +e - y+ e [1,(5] 
(2-x+)e-v- E [1,Q] 

V++V- 

e — e [1,Q]. 

This domain is somewhat inconvenient for us. The "explanation" is the following. We want to minimize 
some function on this domain. In the interior we will be able to do it, but then we should switch to the 
boundary, that is pretty "curved". 

It would be more convenient to introduce variables, for example, x + e~ y+ and x__e _y ~. Their domain 
is [1,(5] x [1,(5], which looks better. 

However, these variables are still not good enough. We are about to introduce the "best" variables. 
IV.5.5.B. New variables. We denote 

a = y -\og^- = y + log(<5 ), 
vo 

«+ = V+ ~ lo g7T> 
vo 

, 2-x+ 
ct- = y-- log ■ 



Qo 

In fact, a, a± are vertical distance from the point z, z± to Tq . For a fixed a we have three variables: 
x + , a+, a_. They are related by equation 

(IV.25) 2a = a + + a_ + log(x+) + log(2 - x+). 

So a±,x + are on some manifold, and to minimize a function of these three variables we should use 
Lagrange multipliers. 

IV.5.5.C. New domain. Fix a G [log log(Qo)]- We have following inequalities for a± and x + : 

«± e pog^,log(<5o)], 

x + G[l,2), 
a + + a_ ^ 2a. 

The last inequality follows from the fact that log(x+) + log (2 — x+) ^ 0. 

We also notice that in fact x + can not access all values from [1,2). We do not pay attention to this 
fact, because from the (IIV.25p . x + can be calculated in terms of a±, and this is how Lagrange multipliers 
work. 

So for any fixed a we pay attention only to the domain for a±. We state an easy lemma to understand 
this domain. We notice that since a ^ log we get that the line a + + ct_ = 2a intersects the square 

[log^,log(Q )] x [log^,log(<5o)] (on the plane). 

We notice that domain will look differently when a ^ log(<5o) — \ l°g(Q) an d when a is smaller than 
this number. The reason is that the vertex a_ = log((5o) ; = log q m &y find itself under the line 
a + + a_ = 2a. 

Therefore, the domain for a-,a+ looks as follows. 
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We are going to study these two cases together. We shall prove that if the global minimum of 
2B Q (z) — B (z + ) — B (z_) is strictly negative then it is not obtained neither in the interior, nor in the 
interior of edges. Then we will investigate vertices. As the reader can see, edges and vertices, where 
a + + a- — la correspond to vertical segments [z_ , z + ] and therefore are trivial. 

Thus, the second case will give us one interesting case: a + = a_ = log(Q )> an d the first case will 
give the same vertex and a + = log a_ = log(Qo)- 

After this short plan, let us give all details of searching for possible global minima. 
IV.5.5.D. Old variables and new variables. We now need to recalculate old variables in terms of new 
ones. In particular, we need to relate v and v± with a and a± respectively. We will show in a moment 
that it is possible. The reason is that a is closely related to the number a, the first coordinate of a 
point, where the tangent line to rg , £(z), "kisses" Tq q . 

Let us proceed. Take any point z = (x,y) in Qq. We for some time forget that x = 1, and do 
calculations for arbitrary x. We do it because then they will work for z±. 

We say one more time that now v and a correspond to Q , so we should write v and a , but to 
simplify the notation we do not do it. 

We write the equation of the line £(z), tangent to Tq : 

y = 1- iog(v) - 7, 

V 



so 



x *yox 

a = y - log — = h log(v) - log(x) + log(Qo) - To- 

Vo v 

Using the definition of 70, we obtain 

a = h ioglv) - log(x) - 1 - log(7o) = log 1. 

v v v 

We now introduce a function 

/(t)=t-log(t)-l, t>0. 

This function has already appeared in the definition of 70. Function / is decreasing from + inf to 
when t G (0,1] and therefore has an inverse 



9(t) = f- 1 (t), g: [0,inf)^(0,l]. 
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We now have an equation 



a = f{—v). 

x 



We notice that x ^ a, so jox ^ 70a = v, and so g(f(-^)) = -7^. Therefore, we write 



JqX 
V 



or 



_ 7qx 
9(a)' 

In particular we notice that g(a) = -. Basically this is the geometric meaning of a. 
The above equation with particular points z = (l,y) and z± gives us 

7o 



v+ 



g[u) 



g(a+) 
JoX-_ 

g(a-) 



We are now ready to introduce the function that we want to minimize. 
IV.5.5.E. Function A in new variables. We remind the reader that we fix a and have three variables 
x + , a+, and a_ on the manifold 



2a = a + + ct_ + log(x + ) + log (2 — x H 



We also remind the reader that x_ 

A(x + , a+, a_) = 2B (z) - B (z^ 

1 - v 



2 — x + and x — 1. Therefore, our function A will be 

-B (z) = 



2 lORftO 



7o 



x + log(v+) + 



x, - V, 



7o 



(2 - x+) log(r;_) + 



7o 
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We now want to rewrite the last expression in terms of a± and x + . We get 

A = (2x\ogv — x + log v + — x_ \ogv ) (2v — v + — V-) = 

To 

1 X-L- , . 2 — X-L 2 X-l. 2 — X-i- 

= 2 log — - - x + log — — - - 2 - x+ log — — - - — — + — — - + — — -. 

g{a) g{a + ) g(a_) g{a) g{a + ) g(a_) 

Due to the huge importance of this function, we write the final result separately: 

a / \ r* i i x^ . . 2 2 x ^ 2 

A(x + , a + , a_) = 2 log — — - x + log — — - - (2 - x + ) log — - — —— + — — - + 



g(a) g(a+) g(aJ) g(a) g(a+) g(aJ) ' 

We now start to minimize it. We prove the following theorem. 
Theorem IV. 18. (1) For a fixed a < log(Qo) — \ \°z{Q) the following holds: 



min A(x+, a + , a) = min 



0, A(^, log(Qo), MQo)), A(£;, log ^, log(Q )) 



where x^ is a solution of equation 2a = 21og(Qo) + l°g(:r+) + l°g(2 — x + ) x + ^ 1, and x + is a 
solution of equation 2a = log(Qo) + log % + \og(x + ) + log(2 — x + ), x + ^ 1. 
(2) For a fixed a > log(Qo) — \ l°g(Q) the following holds: 

minA(x+,a + ,a_) = min [0, A(x^, log(Q ), log(Q ))] • 
Remark IV. 19. We notice that the nonzero minimum may be attained only on vertices. 

IV.5.5.F. Derivatives of A. Before we form the lagrangian, let us find derivatives of A with respect to 
a + , a_ and x + . First of all, 

9{) f'(g(t)) g(t)-i' 

So, 

dA x + g{oi + ) x + g(<y+) 

da + g(a+) g{a+) - 1 g(a+) 2 g{a+) - 1 g(a+) ' 

Similarly, 

dA _ 2-x + 

da- g(®-) 
Finally, we take the derivative with respect to x + . 

dA x + 2 — x + 1 1 x + 2 — x + 1 1 

- log — - 1 + log — + 1 + — r = - log — + log — + 



dx + g(a + ) g(a-) g(a + ) g(aJ) g(a + ) g(a_) g(a + ) g{aJ)' 

IV.5.5.G. Step 1: interior of the domain. Suppose we are in the interior of domain for a + , We form 
a Lagrangian: 

L(x + , a + , A) = A(x + , a + , aJ) — A ■ (a + + ct_ + log(x + ) + log(2 — x + ) — 2a). 
Differentiating it with respect to a±, we obtain 

x+ 2 — X-^ ^ 
g(a+) g(a-) 

These equalities mean that 

9 (a+) = : y, g(a-) = — 
Applying / to both sides, and recalling that f(g(t)) = t, we get 

« + = /(y) = ^-log(x + )+log(A)-l, 

a- = /(^ ± ) = 2 ~ Z ^ ± - log(2 - x + ) + log(A) - 1. 



EQUIVALENT DEFINITIONS OF DYADIC MUCKENHOUPT AND REVERSE HOLDER CLASSES IN TERMS OF CARLESON S 

Let us plug these equalities into 

a + + a_ — 2a + log(x + ) + log(2 — x + ) = 0. 

By direct calculation, 

a=±+log(A)-l = /(±). 

We notice that \ = ^2 ^ g(a+) ^ 1, and so g(f(j)) = \. 
Notice that it would not be true if A was less than 1. 

So, g(a) = j (in fact, from this equation we find A). Now we can calculate A at our point. 

A = 2 log(A) - x + log(A) - (2 - x+) log(A) - 2A + A + A = 0. 

IV.5.5.H. Conclusion. From the calculation above we conclude the following: either the global minimum 
of A is zero, or the global minimum is obtained on the boundary. 

IV. 5. 5. 1. Step 2: reduction to the case a_ ^ a + . We now prove a technical but very useful lemma. It 
will show that it is sufficient to minimize A only on half of our domain, when a_ ^ a + . This will show 
that we do not need to consider edges a + = log(Qo) an d a~ = log ^a, except for vertices. 

Lemma IV. 20. Fix x + and let 

A(a+,a_) = A(x+, a+,a_) = 2 log — !— -x+ log — ^- - (2 -x+) log 2 X+ - —-^ + — ^— + 2 X + . 

£(<*+) #(«-) 5(a) </(«+) #(«-) 

If u > v then A(u, v) ^ A(t>, it). 

Remark IV. 21 (Discussion). So, if a + > a_ £/ien A(a + ,a) ^ A(a_,a + ) 7 and so if the global 
minimum is attained on the boundary, it is for sure attained on the part when a + ^ a_. 

Remark IV. 22 (Discussion). Notice that this lemma is natural. As we have seen from the investigation 
of cases when z,z± are on the boundary, the worst case happens when Z- G T and z + G Yq. This 
corresponds to «_ = log(Qo) an d a + — l°g q> which is smaller than a_. 

Proof. First, since u > v we have g(u) < g(v) ^ 1. We denote t = g(u) and s = g(v), so t < s ^ 1. We 
have 

A(u, v)-A(v, u) = x + log(t)+(2-x+) log(s) + ^+ 2 ~ X+ - ( x+ log(s) + (2 - x+) log(t) + — + 2 '' " 



/. s \ s t 

9r — 9 9 — 9r / 1 1 

= (2x+ - 2) log(t) + ^±-± + (2 - 2x + ) log(s) + = (2x + - 2) [- + log(f) - - - log(a) 

Denote = \ + log(x). Then <p'(x) = | — 4y = ^1 < when x ^ 1. So, since t < s ^ 1, we get 

A(u,u) - A(v,u) ^ 0. 

□ 

IV.5.5.J. Step 3: edge a + + a_ = 2a. In this case x + = 1, and so 2 — x + — 1, and we have a vertical line 
segment It definitely lies entirely in Qq, where the function B is locally concave. Therefore, 

A^O. 

IV.5.5.K. Step 4: edge a_ = log(Qo)- I n this case our manifold is 

2a = a + + log(Qo) + log(a:+) + log(2 - x + ). 

Keeping in mind that a_ is fixed and we can not differentiate with respect to it, we write the same 
Lagrangian as before, and take derivatives with respect to a + and x + . We have 

L(x + , a + , a_, A) = A(x + , a + , a_) — A ■ (a + + «_ + log(x+) + log (2 — x + ) — 2a), 
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and so 

nr , 

-- A. 



In particular, we again get that A ^ 1. We now differentiate with respect to x+, and we get 
lo X+ lo 2 _ X+ 1 1 A ( 1 1 ^ - 



Using the equality = A, we get 

\ -L lncr 

g(a_) g(a-) 2-x 



-log(A) + log 2 —^± - -i- + — = 0, 



and thus 

f(^—) = f(-^)- 
2-x + g{a-) 



We notice that 2 — x + ^ 1 and A > 1, so ^3— ^ 1- Since f(t) increases when t ^ 1, we get 



2-x+ 

A 



2-x+ (/(«_) 

The same equation we had when we were investigating the interior. This equation yields to A = 0. 
IV.5.5.L. Step 5: a + = log^. This edge is more delicate. Here we differentiate with respect to a- and 

X-\- . 

2-x+ 



9(oi-) 



x + 2 — x + 1 1 w 1 1 , 
- log — ^- + log + — — - — — - A = 0. 

g(a + ) g{a_) g(a + ) g{a_) x + 2 - x + 

Substituting the first one into the second, we get 

x+ , 1 A 
- log — t- + log A + — — = 0. 

g(a+) g{a + ) x + 

We make the following remark. Similarly to the previous step, we get /(^) = f( g (a + ) )• But now we 
can not say that — > 1, and so we can not conclude that — = , 1 ? . We show how to finish the proof 
without this conclusion. We also warn the reader that this proof would not work in the previous step 
because it is tied to the fact that x + is on the Q-boundary of Qq. 
We now proceed as follows: 

x + log + = A — x + log(A). 



g(<x+) g( a +) 

Substituting this in A, we get 

A = 2 log -L + A - x + log(A) - 2 log(A) - -L- + A = 2(/(A) - /(-±_) = 2{f{^±) - /(-^)). 

Notice that if ^ ^ 1 then, due to the monotonicity of f(t), we get that A ^ 0. Therefore, 
we should prove that it is non negative when g^ + ) < The following lemma proves this fact. 

Lemma IV. 23. If < then the line segment [z-,z + ] lies entirely in Qq and, consequently, 

2B (z) - B (z + ) - Bq(z-) ^ 0° 
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Before proving this lemma we need an observation, related to the geometry of Qq. 

Take the point z + , which in our case lies on Tq, and take the tangent to Tq. Since we assume that 
x + > x_ and y + > y~, we get the following: if the segment goes above this tangent line, then 

it lies entirely in Qq, and the fact stated in the lemma is true. So the only interesting case is when 
[z~, z+] goes below this tangent. It means that it goes outside of Qq nearby z + , and then returns before 
it "hits" the point z. Therefore, the segment z] lies in Qq, so the only problem can occur between 
z and z + . 




Our lemma will be a consequence from the following one. 

Lemma IV. 24. Suppose p ^ a ^ 1, a = - — log - — 1 and a + = - — log - — 1. If the line segment 
z + ] does not lie entirely in Qq then x + ^ p. 

Proof. Such a and p exist, because for every u > the equation t — log(t) — 1 — u has two solutions, 
one of which is less than 1, and another is bigger than 1. 

We take our point (l,y) and draw the tangent to Tq that goes to the right. Since the only possibility 
for [z-, z + ] to be outside of Tq is that part of [z, z + ] is outside, we don't care about z_ at all. If our 
[z, z + ] goes above this tangent, then it's in Qq , and so the only "bad" case is when [z, z + ) goes below. 
Suppose that the tangent "kisses" Tq at point (a,log#-). Then the equation (in (xi,x 2 ) plane) is 

1 . 

x 2 -y= -(xi - 1). 
a 

Since a satisfies the equation, and since a = y + log(Qo)) we get 

1 , 1 

log 1 = a. 

a a 

Now take the point (j), log§) — the point, where our tangent intersects Tq for the second time. This 
is the first time when our segment [z, z+] can return to Qq (if it ever went out). Since z + is on the 
right-hand side from the "return" point, we have x + > p. Let us find p. 
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We have 



and so, since a + = log we get 



p pi 

^og—-y = , 

Q a a 



P.P. 
a + = log 1 . 

a a 



So both a and p are as in the statement, which finishes the proof. 
Now we prove the Lemma [IV. 231 



□ 



Proof. Suppose that z + ] does not lie in VLq . Then x + ^ p, which implies ^ ^ | > 1, so/(^ L ) ^ a+. 
Next, we have 

2a = a + + a- + log(x+) + log(2 - x + ) ^ — - log — - 1 + a_ + log(a; + ) + log (2 - x+). 

a a 



Recall that - — log - — 1 = a, so 



thus 



X — 1 1 1 

2a < — 1 log 1 + a_ + log(2 - x + ). 

a a a 



a ^ — h a_ + log (2 — x + ). 

a 



Using the equation for a and a again, we get 



so 



2 — x + 2 — x + 

log 1 ^ 

a a 

/(^±)<a_. 



We apply g to both sides. We see that 2 — x + = x_ ^, while a > 1, so g(f( * + )) 

2-x A 



2-x-i 



therefore 



and so 



a 

2-x + 

g(a-) 



> a. 



But we know that a = /(-) and a > 1, so (7(a) = -, implies 



2-x + 1 



5(a) 
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But this contradicts the assumption of our lemma. □ 

We now claim that the Theorem II V. 1 81 is proved. Indeed, the global minimum is either 0, or attained 
on the boundary. On the boundary it is either again 0, or attained on vertices. But vertices where 
a + + a_ = 2a give us non negative result, so the minimum may be attained only on vertices from the 
theorem. 

IV.5.5.M. Step 6: Vertex a + = a_ = log(Qo)- in this case 

a = log(Qo) + ^ MM 2 - x+)). 

Let us get bounds for x + . Clearly, x+ ^ 1, and this bound is accessible when x + = x_ = 1. Since 
a ^ log%, we get x+(2 — x + ) ^ which means that x + ^ 1 + wl — 4^. As we know from the 



Section HV.5.4.C] this is also accessible when x G Tq. So, x + G [1, 1 + r], where r = J 1 — 

We now treat a + as a function of x + and, therefore, our A becomes a function of x + . We have 

12 12 
A(x + ) = 2 log — — ■ — — ■ — x + log(x + ) — (2 — x + ) log(2 — x + ) — 2 log 



g(a) g(a) " ' " " r g(a+) g(a+) 

From the same Section [IVlXC] that A(l + r) ^ 0. We intend to prove that A ^ 0. Then we will be 
done with this case. We first notice that 

da 1/1 1 



dx4- 2 \ 2 x^ 
Therefore, 

A'(x+) = ( — ~~ T~ — )-log(^+)+log(2-x+) = — log(z + ) — — J -+log(2-^ 

g{a) 2 \x + 2-x+J 9{a)x + g(a)(2 - x + ) 

1,1/1 , 1 

+ log — + log ■ 



g(a)x+ g(a)x + \g(a)(2 - x + ) g(a)(2-x^ 

The last equality is obtained by adding and subtracting log -4-r. We notice that the function s -+log - 
is decreasing, and g(a)x + ^ g(a)(2 — x + ). Therefore, A (x + ) ^ 0, which finishes our proof in this case. 
IV.5.5.N. The vertex a + = log a_ = log((5o)- Now we set a + = log % and a_ = log(<5o), so 

a = log(Qo) - 2 log(Q) + \ log(x+(2 - x + )). 



Bounds for x + in this case are 1 ^ x + ^ 1 + r, where r = J 1 — ^. We know from the Section HV.5.4.BI 

that they are accessible, and that A(l + r) = — that is exactly our choice of Qo, and this is the first 
and the only time when we use it. So again we would like to prove that A is decreasing. The difficulty 
is that now a + 7^ a_, and so A does not have nice cancelations. We have 

A(x+) = 2 log — T ^t-x+ log(x + )-(2-x+) log(2-x+)+x + log(#(a + ))+(2-x + ) log((/(a_))+-^-+^^ 

g(a) g{a) g[a+) g{a-) 

and so 

.,, , 1/1 1 \ i / \ i / x 1 , 1 1 , 1 

A (x + ) = —— - log(x + ) + log (2 - x + ) + — — - - log — — — - + log ■ 



g(a) \x + 2-x + ) ' ' ' g(a + ) g(a+) g{aJ) g(a. 

From the investigation of previous vertex we know that 

1/1 1 



g{a) \x+ 1 — x^ 



log(x+) +log(2-x+) ^ 0. 
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This fact did not depend on the choice of a±. Finally, a + < a_, so g(ct+) > g(ct-), thus 
1, and 



i 



> 




But this means exactly that 



1 



log 



1 1 



+ log 



1 



< 0. 



g(a+) g(a-) 



g(a-) 



Thus, our proof is finished. 
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